Introduction {#Sec1}
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In the present paper our interests are twofold. The first line of studies is related to several dynamical properties of the billiard flow on convex polyhedra in $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {R}}^n$$\end{document}$. The second line of questions addresses an allied spectral problem motivated from quantum physics: namely, the problem of high energy eigenfunction concentration.

Concerning the dynamical perspective, there has been a lot of interest in the billiard flow on polygons -- for example, we refer to \[[@CR6], [@CR7], [@CR9], [@CR10], [@CR14], [@CR19]\] etc. For a more comprehensive overview, one might also wish to consult the extensive work \[[@CR20]\]. As is well-known, this area of research contains questions that might seem quite simple looking at first, but turn out to be rather deep on closer investigation: an illustration is given by Galperin's example of non-periodic and not everywhere dense billiard trajectories in convex two-dimensional polygons (see \[[@CR13]\]).

Moreover, when one increases the number of dimensions and studies the billiard flow on polyhedra (either convex or non-convex) further challenges arise. To get an insight into some of the issues involved in generalising reasonably well-known two-dimensional results to three dimensions, we refer the reader to \[[@CR14]\]; see also \[[@CR3]\], which gives a three-dimensional analogue of a result by Katok (see \[[@CR19]\]) regarding the entropy of the symbolic dynamics of the billiard flow on polygons to higher dimensions.

In this work we consider the billiard flow on polyhedra, particularly the interaction of the flow with the pockets of the billiard (i.e. an open neighbourhood around the singular set of the polytope---cf. Section [3.1](#Sec10){ref-type="sec"}). Our main interest is in the finer properties of billiard dynamics away from the pockets. In this direction our results say that for convex polyhedra, the "non-singular part" of the phase space away from the pockets essentially decomposes into a collection of finitely many immersed "periodic tubes". Moreover, we show that the lengths of the immersed "periodic tubes" satisfy a certain quantitative estimate.

We now turn to the second line of research devoted to the study of the underlying spectral problem. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$-\Delta $$\end{document}$ denote the Dirichlet (or Neumann, as the case might be) Laplacian on a convex polyhedron $\documentclass[12pt]{minimal}
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                \begin{document}$$P \subset {\mathbb {R}}^n$$\end{document}$. In \[[@CR16]\] concentration of eigenfunctions on certain flat polygonal surfaces has been investigated. The result states that given a polygon *P* whose vertex set is denoted by *V* and an open neighbourhood *U* of *V*, there exists a positive constant *c*(*U*) such that for any Dirichlet eigenfunction *u* (satisfying $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \int _U |u|^2 \ge c \int _P |u|^2. \end{aligned}$$\end{document}$$In other words, a certain amount of eigenfunction mass collects near the "singular points" of the boundary $\documentclass[12pt]{minimal}
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                \begin{document}$$\partial P$$\end{document}$, or, *Uanalytically controlsP* in a certain sense (see \[[@CR26]\]). Clearly, this can be thought of as an ergodicity phenomenon. We study this phenomenon in further settings, namely higher dimensional polytopes. Since the Laplace eigenfunctions are eigenfunctions of the wave propagator $\documentclass[12pt]{minimal}
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                \begin{document}$$U(t) := e^{it\sqrt{-\Delta }}$$\end{document}$, it is expected (at least heuristically) that the high-frequency limits $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda \rightarrow \infty $$\end{document}$ should reflect the dynamics of the classical geodesic flow. In particular, when the geodesic flow is ergodic, one should expect the eigenfunctions to diffuse in phase space, which gives an intuitive feeling as to why estimates like ([1.1](#Equ1){ref-type=""}) should be expected to hold (see also \[[@CR28]\]). However, note that a typical neighbourhood of the singular points of $\documentclass[12pt]{minimal}
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                \begin{document}$$\partial P$$\end{document}$ is not large enough to geometrically control *P* (in the sense of \[[@CR1], [@CR7], [@CR8]\]), and special properties of the billiard flow on polyhedra need to be used. For other studies of eigenfunctions on polygons see \[[@CR23], [@CR24]\]; see also \[[@CR5], [@CR27]\] for general overviews of a somewhat different flavour.

For our main result, consider a convex polyhedron $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {S}$$\end{document}$ for the *singular set* of the boundary $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {S} \subset \partial P$$\end{document}$ is the union of faces of dimension $\documentclass[12pt]{minimal}
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                \begin{document}$$\partial P$$\end{document}$. This brings us to our main result.

Theorem 1.1 {#FPar1}
-----------
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                \begin{document}$$\mathcal {S}$$\end{document}$ inside the polyhedron *P*, there exists a positive constant $\documentclass[12pt]{minimal}
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                \begin{document}$$L^2$$\end{document}$-normalised Dirichlet (or Neumann) eigenfunction *u*, we have that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \int _U |u|^2 \ge c. \end{aligned}$$\end{document}$$

Again, we observe that the claim of Theorem [1.1](#FPar1){ref-type="sec"} holds for all eigenfunctions, as opposed to "almost all" eigenfunctions (i.e. a density 1 subsequence) as usually established in quantum ergodicity statements.

Before getting into more details, we outline the strategy presented in \[[@CR16]\] that resolves the two-dimensional case $\documentclass[12pt]{minimal}
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                \begin{document}$$n = 2$$\end{document}$. The idea is based upon the following two special properties of the billiard flow on polygonal domains:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{array}{l} Property\,1. \hbox { Every billiard trajectory which avoids the neighbourhood }U\hbox { is periodic }\\ \hbox {(see }[14]).\hbox { Such periodic trajectories come in }1\hbox {-parameter families and form }\\ \hbox {``cylinders'' of parallel trajectories in }P {\setminus } U. \end{array} \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{array}{l} Property\,2 .\hbox { Furthermore, there are only finitely many such cylinders (see }[10,18]). \end{array} \end{aligned}$$\end{document}$$Now, let us assume to the contrary that a sequence of eigenfunctions concentrates away from *U*. The two dynamical properties mentioned above, together with propagation results for eigenfunctions, imply that the corresponding semiclassical measure on the sphere bundle must concentrate along the families of periodic geodesics that sweep out such cylinders. This is ruled out using an argument from \[[@CR24]\], which in turn is based on an estimate by Burq and Zworski (see \[[@CR7], [@CR8]\]). This concludes the discussion and proves the concentration estimate over *U*.

A brief outline of our results {#Sec2}
------------------------------

We first discuss the dynamical side of our results. Our main innovations in this direction will be to discover suitable replacements and generalisations of Properties ([P1](#Equ3){ref-type=""}) and ([P2](#Equ4){ref-type=""}) to higher dimensional polyhedra.

It is known (see \[[@CR14]\]) that a billiard trajectory which avoids a neighbourhood of the singular points need not be periodic itself, but it is contained in an immersed tube that "closes up", with a suitable cross-section. Such a tube has the property that (a certain iterate of) the Poincaré return map on the cross-section of the tube is a rotation. This can be used as a substitute for Property ([P1](#Equ3){ref-type=""}) above, and we will call such tubes "periodic tubes" with slight abuse of language (see Definition [3.4](#FPar17){ref-type="sec"} below and the explanations that follow).

As we will demonstrate below, Property ([P2](#Equ4){ref-type=""}) will also generalise in our setting, in the sense that the number of such immersed periodic tubes missing a neighbourhood of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {S}$$\end{document}$ is also finite, which we call the "finite tube condition". Moreover, we further strengthen this claim, as we obtain a quantitative estimate for the lengths of such tubes. A novelty here is that one needs to quantify the formation of singular points on the boundary of these tubes, which involves a certain dynamical invariant of the associated rotation.

However, we will show that a much weaker property than the finite tube condition is sufficient for the application to eigenfunctions, and we call this Property (P2') (see Sect. [3.4](#Sec13){ref-type="sec"} below). It roughly says that for each periodic tube, the flow-out of a neighbourhood of the singular set contains a conical vicinity of the tube direction, near the boundary of the tube. We emphasise that despite the fact that the finite tube condition *could* be used in our proofs, we regard the Property (P2') as a less strict and more natural condition, which may lead to further applications of our analytic argument.

From the analytical standpoint, we prove that the Burq--Zworski type control result used by \[[@CR16]\] extends easily and applies to the case when *P* is *rational*. However, in the case of an irrational polyhedron, further complications arise as our periodic tubes consist of billiard trajectories that are no longer individually periodic, but are "almost periodic", except for one "central" trajectory. This motivates us to introduce the new notion of an *almost periodic boundary condition* on a cylinder. Our main contribution in this analytical part is proving a version of a control result due to Burq and Zworski (see \[[@CR8], Proposition 6.1\]) that holds in higher dimensions for almost periodic boundary conditions. This is enough to address the case of irrational polyhedra and could potentially have other applications. We mention in passing that our methods also yield a generalisation of \[[@CR24], Theorem 2\], see Theorem [6.2](#FPar56){ref-type="sec"} below. This basically says that given any immersed (almost) periodic tube *T* in *P*, no eigenfunction can concentrate in *T* and away from $\documentclass[12pt]{minimal}
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Finally, we mention that it is possible to state a more general version of Theorem [1.1](#FPar1){ref-type="sec"} in a somewhat more abstract setting, as follows. Take a convex domain $\documentclass[12pt]{minimal}
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                \begin{document}$$\partial \Omega $$\end{document}$ consists of a finite disjoint union of convex $\documentclass[12pt]{minimal}
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                \begin{document}$$\cup _{i = 1}^k \mathcal {F_i}$$\end{document}$, which are called the "faces" of $\documentclass[12pt]{minimal}
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                \begin{document}$$\Omega $$\end{document}$ which is the usual billiard flow with the stipulation that the billiard particle is stopped when it hits $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {S}$$\end{document}$. Then it can be checked that the proof of Theorem [1.1](#FPar1){ref-type="sec"} goes through verbatim to give us the following corollary:

### Corollary 1.2 {#FPar2}
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                \begin{document}$$L^2$$\end{document}$-normalised Dirichlet (or Neumann) eigenfunction *u*, we have that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \int _U |u|^2 \ge c. \end{aligned}$$\end{document}$$

As an application of this corollary, one can say that if one has a cube with smoothened edges (eg., a die), then a certain amount of $\documentclass[12pt]{minimal}
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                \begin{document}$$L^2$$\end{document}$-mass collects at any neighbourhood of the smoothened edges. As another application, consider the 3-dimensional equivalent of the Bunimovich stadium, that is, a rectangular parallelepiped, with two topological hemispheres fitted smoothly at the ends. The above corollary will dictate that the $\documentclass[12pt]{minimal}
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                \begin{document}$$L^2$$\end{document}$-mass of eigenfunctions cannot totally concentrate away from the "wings" (hemispheres) of the stadium.

The main upshot is that polyhedra are in no way privileged objects, and the structure of the "singularity" of the $\documentclass[12pt]{minimal}
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                \begin{document}$$(n - 2)$$\end{document}$-skeleton does not really play a special role. However, for aesthetic reasons, we prefer to state our main result in a more intuitive and geometrically appealing setting, as in Theorem [1.1](#FPar1){ref-type="sec"}.

Open questions and further work {#Sec3}
-------------------------------

There are quite a few interesting questions left to consider. It would be interesting to speculate if any of the dynamical results stated here have analogues for polyhedra which are not necessarily convex. As a starting point, one can check whether statements like Theorem [3.7](#FPar21){ref-type="sec"} work for not so badly non-convex objects, like a non-convex polyhedron which is formed from two convex polyhedra attached at a common face. From the analytical point of view, an exciting question is to determine the dependence of the constant $\documentclass[12pt]{minimal}
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Structure of the paper {#Sec4}
----------------------

In Sect. [2](#Sec5){ref-type="sec"} we introduce and study the new notion of functions satisfying an *almost periodic boundary condition* on a cylinder. We also recall the theory of almost periodic functions and study pseudo-differential operators on a mapping torus.

As mentioned before, our paper splits naturally into a dynamical and an analytical part. Section [3](#Sec9){ref-type="sec"} addresses some of the main dynamical components of our paper: we prove the finite tube condition (see Theorem [3.12](#FPar26){ref-type="sec"}) and the Property (P2') (see Lemma [3.14](#FPar30){ref-type="sec"}). In Sect. [4](#Sec14){ref-type="sec"}, we prove the other main dynamical result: a qualitative bound on lengths of periodic tubes missing a neighbourhood of the singular set (see Theorem [4.5](#FPar38){ref-type="sec"}). Then, in Sect. [5](#Sec15){ref-type="sec"}, we discuss the analytical results required to prove Theorem [1.1](#FPar1){ref-type="sec"}, concerning control-theoretic estimates with an almost periodic boundary condition (see Theorem [5.4](#FPar47){ref-type="sec"}). In Sect. [6](#Sec16){ref-type="sec"} we prove Theorem [1.1](#FPar1){ref-type="sec"} first in the (easier) case of rational polyhedra and then go on to prove it in full generality.

In the appendices, for the convenience of the reader and to make this work self-contained, we give important details about billiard dynamics and control theory. In Appendix A we discuss theorems about billiard dynamics proved in \[[@CR14]\] and present proofs that work in any dimension. In Appendix B we present a proof of a result of N. Burq in control theory on a product space with a periodic boundary condition.

Preliminaries {#Sec5}
=============

In the first part of this section, we discuss and recall the theory of *almost periodic functions* with values in a Banach space. We then introduce the notion of an *admissible isometry* and explain how admissible isometries give rise to *almost periodic boundary conditions*. In fact, we show that *every* isometry is admissible. In the last part, we discuss the theory of pseudo-differential operators on a mapping torus.

Almost periodic functions {#Sec6}
-------------------------

We introduce the theory of almost periodic functions, as developed by H. Bohr in 1920s and later generalised by others. We will follow mostly the first two chapters of \[[@CR22]\]. For this purpose, let *X* be a Banach space with norm $\documentclass[12pt]{minimal}
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We start with a basic definition:

### Definition 2.1 {#FPar3}
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An immediate observation is that if *f* is periodic, then it is almost periodic. A simple example of a non-periodic, but almost periodic function is given by $\documentclass[12pt]{minimal}
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Next, we assume that *X* is a Hilbert space and state a Parseval-type identity, which says that if ([2.3](#Equ7){ref-type=""}) holds, then$$\documentclass[12pt]{minimal}
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Admissible isometries and almost periodic boundary conditions {#Sec7}
-------------------------------------------------------------

We consider a compact Riemannian manifold $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(M_x, g_x)$$\end{document}$ with Lipschitz boundary $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\partial M_x$$\end{document}$, where we have introduced the lower index notation to indicate explicitly that points on the manifold will be denoted by *x*. In the rest of the paper, we will deal with functions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u: M_x \times \mathbb {R} \rightarrow \mathbb {C}$$\end{document}$, satisfying some invariance properties$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} u(x, t + L) = u(\varphi (x), t), \quad (x, t) \in M_x \times \mathbb {R}. \end{aligned}$$\end{document}$$Here $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L > 0$$\end{document}$ is a positive number (length) and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi : M_x \rightarrow M_x$$\end{document}$ is an isometry. It is clear that the invariance ([2.5](#Equ9){ref-type=""}) can be interpreted as a boundary condition for *u* on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_x \times [0, L]$$\end{document}$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} u(x, L) = u(\varphi (x), 0), \quad x \in M_x. \end{aligned}$$\end{document}$$In order to address the desired control estimates (cf. Theorem [5.4](#FPar47){ref-type="sec"} below), we first need to impose a condition on the isometry $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi $$\end{document}$ that generalises the periodic case ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi = {{\,\mathrm{id}\,}}$$\end{document}$).
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### Lemma 2.3 {#FPar5}
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### Proof {#FPar6}
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We now generalise the main ideas in the preceding paragraphs to give a proof which will not require a precise representation for the orbits as done above. For a more abstract point of view of topological dynamics and also for the converse claim, see \[[@CR15], Chapter 4\].
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The claim hinges on proving that in compact, isometric systems, points are uniformly recurrent. For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \in M$$\end{document}$, consider the closure of both the forward and backward orbits$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathcal {O}_x := \overline{\{f^m x \mid m \in \mathbb {Z}\}}. \end{aligned}$$\end{document}$$By compactness, there is a set of indices $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n_{1}, \cdots , n_{k}$$\end{document}$ such that the points $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f^{n_{1}}x, \cdots , f^{n_{k}}x$$\end{document}$ are $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon $$\end{document}$-dense in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {O}_{x}$$\end{document}$. Observe first that the set of indices $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m \in \mathbb {Z}$$\end{document}$ for which $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f^mx$$\end{document}$ is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon $$\end{document}$-close to *x* is relatively dense. For, by the hypothesis there is an *i* with$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \varepsilon > d(f^mx, f^{n_i}x) = d(f^{m-n_i}x, x). \end{aligned}$$\end{document}$$Therefore, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{N} = \max (n_1, \cdots , n_k) + 1$$\end{document}$ would work in the definition of relatively dense. Consider now the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon $$\end{document}$-ball $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U = B(x, \varepsilon )$$\end{document}$ around *x* and its iterates and take any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m \in \mathbb {Z}$$\end{document}$. Then by ([2.12](#Equ16){ref-type=""}), there is an *i* such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f^{m-n_i}x \in f^{m - n_i} U \cap U \ne \emptyset $$\end{document}$.

We come back to the main proof and let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U_i = B(x_i, \varepsilon )$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i = 1, \cdots , N$$\end{document}$ be a cover of *M* by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon $$\end{document}$-balls. Apply now the previous paragraph to the isometry$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} (f, f, \cdots , f) : (M_x)^N \rightarrow (M_x)^N, \end{aligned}$$\end{document}$$where on the left hand side *f* appears *N* times, and the point $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(x_1, x_2, \cdots , x_N)$$\end{document}$. Thus, there is a relatively dense set of integers $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {T} \subset \mathbb {Z}$$\end{document}$ with the property that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U_i \cap f^k(U_i) \ne \emptyset $$\end{document}$ for every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k \in \mathcal {T}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i = 1, \cdots , N$$\end{document}$. We claim that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {T} \subset S_{C^0}(\varphi , 4\varepsilon )$$\end{document}$. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k \in \mathcal {T}$$\end{document}$, choose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y_i \in U_i \cap f^k(U_i)$$\end{document}$ and take any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \in M$$\end{document}$. By construction there is an *i* with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \in U_i$$\end{document}$, so $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d(x, y_i) < 2\varepsilon $$\end{document}$. Since *f* is an isometry and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f^kx \in f^kU_i$$\end{document}$, we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d(f^kx, y_i) < 2\varepsilon $$\end{document}$. By triangle inequality $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d(x, f^kx) < 4\varepsilon $$\end{document}$, which implies $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\,\mathrm{dist}\,}}_{C^0}(\varphi ^k, {{\,\mathrm{id}\,}}) \le 4\varepsilon $$\end{document}$ and proves the claim.

Next, we prove the inductive hypothesis. Observe that *f* induces a map $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$df: SM_x \rightarrow SM_x$$\end{document}$ between unit sphere bundles. Moreover, this map is an isometry for the restriction of the Sasaki metric to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$SM_x$$\end{document}$ (see e.g. \[[@CR25], Chapter 1\]). Thus we may apply the same argument as in the previous paragraph to prove the claim for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r = 1$$\end{document}$. Similarly, by taking unit sphere bundles inductively, we may prove the claim for any *r*. Therefore, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi $$\end{document}$ is admissible. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\quad \square $$\end{document}$

PDOs on a mapping torus {#Sec8}
-----------------------
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### Proposition 2.5 {#FPar9}
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### Proof {#FPar10}
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The first conclusion of Proposition [2.5](#FPar9){ref-type="sec"} says that *a*(*hD*)*u* is $\documentclass[12pt]{minimal}
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Billiard Dynamics on Polyhedra {#Sec9}
==============================

In this section we discuss dynamical properties of the billiard flow on polyhedra. In the first two parts, we give basic definitions of the objects under study and revise the known results. In the third part, we prove a decomposition of non-singular directions on arbitrary polyhedra into finitely many tubes, i.e. the "finite tube condition". Finally, we prove a property of maximal periodic tubes in a polyhedron that generalises the Property ([P2](#Equ4){ref-type=""}) from the introduction.

Billiard dynamics preliminaries {#Sec10}
-------------------------------
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We also take the space to make the following important distinction between *rational* and *irrational* polyhedra. As previously remarked, most of the literature focuses on dimension $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n \ge 3$$\end{document}$, there does not seem to be a standard definition of rational/irrational polyhedra. We use the following definition (see \[[@CR3], [@CR4]\]):

### Definition 3.1 {#FPar13}
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A crucial geometric difference exists between rational/irrational polyhedra, which we explain below. Let us first recall the well-known tool or method of unfolding a trajectory. Let $\documentclass[12pt]{minimal}
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### Remark 3.2 {#FPar14}

We bring to readers' attention that in Definition [3.1](#FPar13){ref-type="sec"}, the reflections in faces are taken to be linear maps, whereas in the definition of a corridor, we take them as *affine* maps. In the remainder of the paper, this distinction will be addressed in the notation.

We record the following property related to unfolding: a symbolic encoding uniquely determines a direction.

### Lemma 3.3 {#FPar15}
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                \begin{document}$$w(x) = w(y)$$\end{document}$, then *x* and *y* are parallel vectors.

### Proof {#FPar16}

Unfold the polyhedron *P* along trajectories determined by *x* and *y*. Unless they are parallel, the distance between their trajectories grows linearly, and cannot be contained in the same corridor. The first time they move into different corridors, their symbolic representations *w*(*x*) and *w*(*y*) must also differ. $\documentclass[12pt]{minimal}
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This space plays the role of Euclidean surfaces with conical singularities (ESCS) as outlined in \[[@CR16]\]. The singular set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {S} \subset D$$\end{document}$ is now of codimension at most 2 and the space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D_0 := D {\setminus } \mathcal {S}$$\end{document}$ can be given a structure of an open Euclidean *n*-manifold. Observe that in certain cases, taking finite covers can further reduce the singular set. For example, in the case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n = 3$$\end{document}$ a polyhedron *P* might contain a vertex *v* or an edge *e* which are such that forming an *m*-fold cover $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{P}$$\end{document}$ around them converts them into removable singularities on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{P}$$\end{document}$. This is the three-dimensional analogue of polygons having an angle of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\frac{2\pi }{m}$$\end{document}$ at a vertex. In such cases, one can work with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{P}$$\end{document}$ (and its double) instead of *P* (and *D*), and the claim of Theorem [1.1](#FPar1){ref-type="sec"} can be sharpened by replacing $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {S}$$\end{document}$ by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {S} {\setminus } \{v\}$$\end{document}$ (or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {S} {\setminus } \{e\}$$\end{document}$, as the case may be). As an example, if *P* is a rectangular parallelepiped, one can sharpen the statement of Theorem [1.1](#FPar1){ref-type="sec"} to say that any neighbourhood of one of its vertices and the three edges emanating from it contain a certain fraction of the mass.[2](#Fn2){ref-type="fn"}

Finally, we introduce some more notation for the properties of the period, different types of tubes, etc. Given a set $\documentclass[12pt]{minimal}
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### Definition 3.4 {#FPar17}
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We refer to *L* as the length of the tube, which is also a period of the closed geodesic given by $\documentclass[12pt]{minimal}
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We gather a few basic properties of maximal periodic tubes in a proposition.

### Proposition 3.5 {#FPar18}

The cross-section of a *maximal* tube *T* is convex. Every trajectory on the boundary of *T* comes arbitrarily close to the singular set.

### Proof {#FPar19}
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### Remark 3.6 {#FPar20}

Let us relate periodic tubes with almost periodic boundary conditions ([2.6](#Equ10){ref-type=""}) defined in the previous section. Let $\documentclass[12pt]{minimal}
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A revision of known results {#Sec11}
---------------------------

Here we collect the relevant preliminary results on polyhedral dynamics that will be of use later. For completeness, we have provided proofs in Appendix A. The proofs are quite instructive and we encourage the reader to go through them.

Consider a polyhedron *P*. As mentioned before, in higher dimensions, depending on the type of the polyhedron, an orbit generated by $\documentclass[12pt]{minimal}
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With that in place, we have the following result proved in \[[@CR14], Theorem 5\].
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### Remark 3.8 {#FPar22}

We remark that in \[[@CR14]\] a precise statement of the theorem above was given only in the case $\documentclass[12pt]{minimal}
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For a general value of *n*, the part (2).(b) of the theorem needs to be modified and we have many more options for the cross-section $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Omega $$\end{document}$ of a periodic tube. Moreover, (3) now holds only for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n = 2, 3$$\end{document}$, since in higher dimensions it is false that the product of three linear reflections in a general position is a linear reflection.

We include a proof of Theorem [3.7](#FPar21){ref-type="sec"} in Appendix A. We now discuss a couple of explicit examples in the case $\documentclass[12pt]{minimal}
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For an example when (2).(b) might occur, it is enough to consider a regular tetrahedron and the closed orbit corresponding to the word $\documentclass[12pt]{minimal}
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                \begin{document}$$w = (abcd)$$\end{document}$, where *a*, *b*, *c* and *d* encode the faces of the tetrahedron. Then it is possible to show that there is a unique closed orbit *x*(*w*), that *X*(*w*) generates an elliptical, irrational, periodic tube and the nearby parallel trajectories "come back" rotated by an irrational angle. See \[[@CR2], Section 8\] for explicit computations. Observe that although *X*(*w*) generates an immersed solid torus *T* with disc cross-section, the faces of *P* intersect *T* obliquely, and hence the footprint of *T* on a face of *P* looks like an ellipse.

Theorem [3.7](#FPar21){ref-type="sec"} shows that the result for the two-dimensional polygonal case in Theorem [A.1](#FPar57){ref-type="sec"} does not generalise to higher dimensions in a completely straightforward way. In other words, there exist trajectories whose closure does not contain any singular point, but which are themselves not periodic - this might occur in the case of irrational polyhedra. Moreover, such trajectories are contained in periodic tubes.

However, the following result says that Theorem [3.7](#FPar21){ref-type="sec"} contains all such possible obstructions:

### Theorem 3.9 {#FPar23}
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### Corollary 3.10 {#FPar24}
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The finite tube condition {#Sec12}
-------------------------

We begin this section by introducing a condition on the finiteness of periodic tubes missing $\documentclass[12pt]{minimal}
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### Definition 3.11 {#FPar25}

Let *D* be the double of *P* as defined above. A region $\documentclass[12pt]{minimal}
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We will sometimes simply say that *D* satisfies the *finite tube condition* if every neighbourhood of $\documentclass[12pt]{minimal}
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### Theorem 3.12 {#FPar26}

Let *P* be a convex polyhedron and let *D* be its double. Then, for any $\documentclass[12pt]{minimal}
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### Proof {#FPar27}

Assume the finite tube condition is false, i.e. assume there are points $\documentclass[12pt]{minimal}
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By compactness and after relabelling we may assume $\documentclass[12pt]{minimal}
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Property 2' {#Sec13}
-----------

As is discussed in Sect. [1](#Sec1){ref-type="sec"}, the key to our proof are appropriate generalisations of Properties ([P1](#Equ3){ref-type=""}) and ([P2](#Equ4){ref-type=""}), together with our main estimate Theorem [5.4](#FPar47){ref-type="sec"} (see Sect. [5](#Sec15){ref-type="sec"} below). The generalised Property ([P1](#Equ3){ref-type=""}) is contained in Theorems [3.7](#FPar21){ref-type="sec"} and [3.9](#FPar23){ref-type="sec"}, so we discuss a suitable substitute of Property ([P2](#Equ4){ref-type=""}) that we will call Property 2'. In order to state it, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F: \Omega \times \mathbb {R} \rightarrow D_0$$\end{document}$ be a maximal periodic tube and call $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Omega _{\varepsilon }$$\end{document}$ the complement of the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon $$\end{document}$-neighbourhood of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\partial \Omega $$\end{document}$.
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Now we may prove this property in full.
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### Remark 3.15 {#FPar32}

In other words, Property (P2') is saying that the flow-out of $\documentclass[12pt]{minimal}
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A Quantitative Estimate on Periodic Tube Lengths {#Sec14}
================================================

In this section we prove our main quantitative estimate on the lengths of periodic tubes. For this, we first establish an estimate on the angle of intersecting tubes. A new feature compared to the polygonal case, is that these estimates depend on dynamical invariants of associated rotations, that we are about to define.
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-----------

Here we consider a few examples shedding some light on Definition [4.1](#FPar33){ref-type="sec"}. Firstly, since *SO*(1) is trivial, we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N = 1$$\end{document}$ in the case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n = 1$$\end{document}$ always. Then, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {R} \in SO(n)$$\end{document}$ is rational, i.e. it is of finite order *o*, then the orbits $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {O}_i(r)$$\end{document}$ consist of up to *o* points and one easily sees that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N(\mathcal {R}, \varepsilon , r) = o$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon $$\end{document}$ small enough and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r \ne 0$$\end{document}$. Finally, if we take $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {R} \in SO(2)$$\end{document}$ to be a rotation in an irrational angle $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$, the speed at which the orbit of a point fills the circle depends on the arithmetic properties of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$ -- see \[[@CR21], Chapter 4.3.\] for precise results. We also remark that we could have taken in ([4.1](#Equ21){ref-type=""}) the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {R}$$\end{document}$ to be a reflection -- then for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon $$\end{document}$ small enough, we would have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N(\mathcal {R}, \varepsilon , r) = 2$$\end{document}$ since the orbits are of size 1 or 2.

Let now *D* be the doubled polyhedron as before and let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U_\varepsilon $$\end{document}$ be the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon $$\end{document}$-neighbourhood of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {S}$$\end{document}$. By Theorems [3.7](#FPar21){ref-type="sec"} and [3.9](#FPar23){ref-type="sec"}, any trajectory not hitting $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U_\varepsilon $$\end{document}$ is contained in an immersed periodic tube with a certain convex cross-section. Consider any immersed tube *T* of length *L* with cross-section being a disc of radius $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\frac{\varepsilon }{10}$$\end{document}$. Recall that these tubes are given by immersing solid cylinders $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F: B_{\frac{\varepsilon }{10}} \times \mathbb {R} \rightarrow D_0$$\end{document}$. By definition, *F* extends to an immersion $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F: B_{\varepsilon } \times \mathbb {R}\rightarrow D_0$$\end{document}$. Then we have the following lower bound on the angle of intersections of such periodic tubes in *D*.

Lemma 4.3 {#FPar35}
---------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T_1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T_2$$\end{document}$ be two intersecting, periodic tubes of radii $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon /10$$\end{document}$, lengths $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_1, L_2$$\end{document}$ and associated rotations $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {R}_1, \mathcal {R}_2$$\end{document}$, with geodesics $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _2$$\end{document}$ in their centre respectively, such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _2$$\end{document}$ do not intersect $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U_\varepsilon $$\end{document}$. More precisely, assume that a geodesic $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _1'$$\end{document}$ lying in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T_1$$\end{document}$ parallel to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _1$$\end{document}$ intersects a geodesic $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _2'$$\end{document}$ lying in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T_2$$\end{document}$ parallel to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _2$$\end{document}$ at a point $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m \in D_0$$\end{document}$, at an angle $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$. Assume also $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _1'$$\end{document}$ is not parallel to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _2'$$\end{document}$. Then the following bounds hold We have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{1}{\sin \alpha } \le \frac{\min \big (N(\mathcal {R_1}, \varepsilon /5)L_1, N(\mathcal {R_2}, \varepsilon /5)L_2\big )}{\frac{4\varepsilon }{5}}. \end{aligned}$$\end{document}$$In particular, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n = 2$$\end{document}$ then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{1}{\sin \alpha } \le \frac{\min (L_1, L_2)}{\frac{4\varepsilon }{5}}. \end{aligned}$$\end{document}$$In particular, if *P* is rational and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$o_1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$o_2$$\end{document}$ are the finite orders of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {R}_1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {R}_2$$\end{document}$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{1}{\sin \alpha } \le \frac{\min (o_1 L_1, o_2 L_2)}{\frac{4\varepsilon }{5}}. \end{aligned}$$\end{document}$$
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Theorem 4.5 {#FPar38}
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-----
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Remark 4.6 {#FPar40}
----------
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Using the angle estimate in Lemma [4.3](#FPar35){ref-type="sec"}, we may re-prove the finite tube condition obtained in Theorem [3.12](#FPar26){ref-type="sec"}.

Proof of Theorem 3.12 using the angle estimate {#FPar41}
----------------------------------------------

To prove the claim, let us assume the contrary. That is, assume there are infinitely many periodic tubes $\documentclass[12pt]{minimal}
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Remark 4.7 {#FPar42}
----------

In the statements above, for simplicity we mostly ignored the situation where the associated map $\documentclass[12pt]{minimal}
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A Control Estimate with An Almost Periodic Boundary Condition {#Sec15}
=============================================================

In this section we prove the main control estimate, on a product space with an almost periodic boundary condition. Since we were unable to locate an appropriate reference, we start by establishing some control-theoretic preliminaries. As a general reference for the semiclassical analysis used in this section, the reader is referred to \[[@CR30]\] or \[[@CR11], Appendix E\].
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Proof {#FPar44}
-----
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We are now in shape to prove the main theorem of this section, which generalises a result of N. Burq given in the Appendix B. As before, let $\documentclass[12pt]{minimal}
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Theorem 5.4 {#FPar47}
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Remark 5.5 {#FPar49}
----------

It might be possible to prove the statement above by using a more direct approach of approximating *u* by periodic functions on $\documentclass[12pt]{minimal}
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Given *u* and *f* as in Theorem [5.4](#FPar47){ref-type="sec"}, the argument above gives us a way to write $\documentclass[12pt]{minimal}
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Having the above estimate with almost periodic boundary conditions at hand, we can recover the control theoretic result with periodic boundary conditions proved and used in \[[@CR16]\], which stems from the work of Burq--Zworski \[[@CR7], [@CR8]\]. More precisely, we have

Corollary 5.7 {#FPar51}
-------------
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Proof of the Main Theorem {#Sec16}
=========================

In this section, we give the proof of the Main Theorem [1.1](#FPar1){ref-type="sec"}. The proof is based on a careful analysis of the closed orbits missing a neighbourhood of the singular set, semiclassical measures and the control estimate from the previous section.
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To begin the proof of our Main Theorem [1.1](#FPar1){ref-type="sec"}, let us assume to the contrary that there is no concentration in the neighbourhood *U*, that is, there exists a subsequence $\documentclass[12pt]{minimal}
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Now we begin with the proof of Theorem [1.1](#FPar1){ref-type="sec"}. Before tackling the general case, we first give an easier proof that works for rational polyhedra, and contains some preliminary ideas. This proof is essentially a higher dimensional analogue of \[[@CR16]\].

Proof of Theorem 1.1 for Rational Polyhedra {#FPar54}
-------------------------------------------
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Now we give the proof in the general case, that is, the case of irrational polyhedra. Observe that in this setting there are several issues that render the above proof invalid. Firstly, the boundary condition, as used in Theorem [B.2](#FPar65){ref-type="sec"}, is not periodic, but almost periodic in the irrational case. We recall and emphasise that in a periodic tube, trajectories need not be individually periodic. Moreover, we improve the proof by relying on the Property (P2'), that is significantly weaker than the finite tube condition.

Proof of Theorem 1.1 {#FPar55}
--------------------
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Another application {#Sec17}
-------------------

In proving Theorem [1.1](#FPar1){ref-type="sec"}, our main technical result was a version of a control theory estimate in \[[@CR8]\], which also works for periodic boundary conditions, as observed in \[[@CR16]\]. We have proved an analogous version in arbitrary dimensions, but more importantly, for almost periodic boundary conditions (see Theorem [5.4](#FPar47){ref-type="sec"}). Among other consequences of such a control result is a stronger and more general version of \[[@CR24], Theorem 2\], which has been stated in the particular context of partially rectangular billiards.

### Theorem 6.2 {#FPar56}
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Appendix A. Some Dynamical Statements {#Sec18}
=====================================

In this appendix for reader's convenience we prove the statements from Sect. [3.2](#Sec11){ref-type="sec"} and give original references. We emphasise that our proof of Theorem [3.9](#FPar23){ref-type="sec"} contains our own original ideas.

We start by recording the fact that any trajectory *in a polygon* whose forward closure does not contain any singular point must be periodic. In other words, no non-periodic trajectory can continue indefinitely inside the polygon without coming arbitrarily close to the pockets. The proof appears in \[[@CR14], Theorem 2 and Corollary 2\] for polygons; the statement follows from the more general Theorem [3.9](#FPar23){ref-type="sec"}.

Theorem A.1 {#FPar57}
-----------
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Proof of Theorem 3.7 {#FPar58}
--------------------
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Remark A.2 {#FPar59}
----------

Observe that the above proof will not work when *P* is not convex, as one can easily come up with examples (for example, consider a cube with a "needle" poking inward from the ceiling) of non-convex polyhedra where the set *X*(*w*) is not simply-connected, which disallows the application of the Brouwer fixed point theorem.
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Proof of Theorem 3.9 {#FPar60}
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Now we prove a statement similar to Proposition [2.4](#FPar7){ref-type="sec"}.[10](#Fn10){ref-type="fn"}

Lemma A.3 {#FPar61}
---------

For each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta > 0$$\end{document}$, the set of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k \in \mathbb {N}_0$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\,\mathrm{dist}\,}}_{C^0}(f^k|_{Y_\delta }, {{\,\mathrm{id}\,}}) < \eta $$\end{document}$ is relatively dense.
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-----

The proof is similar to the proof of Proposition [2.4](#FPar7){ref-type="sec"} and we just sketch the main differences. The main idea is that instead of having *f* an isometry, we will use the property ([A.1](#Equ56){ref-type=""}).
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Appendix B. On a Control Estimate {#Sec19}
=================================

In this Appendix we prove a result on control and observability for an elliptic PDE on a product space, which has been generalised in Theorem [5.4](#FPar47){ref-type="sec"} above. The result is proved in unpublished lecture notes of N. Burq (see the footnote of \[[@CR8], pp. 17\]).
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-----
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We can actually handle periodic conditions similarly, so we have

Theorem B.2 {#FPar65}
-----------

Assume the same setup as in the previous theorem, just with $\documentclass[12pt]{minimal}
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Proof {#FPar66}
-----

The proof is completely analogous to the proof of the previous theorem, by just noting that we may look at *u* as a function on $\documentclass[12pt]{minimal}
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By using the ergodicity of rotations and Kronecker's theorem one should be able to deduce the claim about $\documentclass[12pt]{minimal}
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Note that we may write down eigenfunctions explicity as products of sines and cosines in this case, but there is no equidistribution in the high energy limit.

By slightly abusing the notation, we extend here Definition [3.4](#FPar17){ref-type="sec"} to include Poincaré maps in $\documentclass[12pt]{minimal}
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In this proof we only work with the invariance of the semiclassical measure under the flow in the interior. For the invariance under the billiard (broken geodesic) flow, the reader is referred to \[[@CR29]\].

Note that a convex domain always has Lipschitz boundary, so we may apply the analytical results of previous section.

By a slight abuse of notation, here we identify $\documentclass[12pt]{minimal}
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Compared to \[[@CR12], Theorem 1.16\] and to the proof found in \[[@CR14]\], the following lemma proves that *all* points in $\documentclass[12pt]{minimal}
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                \begin{document}$$Y_\delta $$\end{document}$ are uniformly recurrent at the same time. The key to this is that *f* satisfies the strong property ([A.1](#Equ56){ref-type=""}) and the idea from the proof of Proposition [2.4](#FPar7){ref-type="sec"}.
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